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RIGIDITY AND RELATIVE HYPERBOLICITY OF REAL 
HYPERBOLIC HYPERPLANE COMPLEMENTS 

IGOR BELEGRADEK 



O , Abstract. For n > 3 we study spaces obtained from finite volume com- 

plete real hyperbolic n -manifolds by removing a compact totally geodesic 
submanifold of codimension two. We prove that their fundamental groups 
are relative hyperbolic, co-Hopf, biautomatic, residually hyperbolic, not 
<-s^ ' Kahler, not isomorphic to lattices in virtually connected real Lie groups, 

have no nontrivial subgroups with property (T), have finite outer automor- 
phism groups, satisfy Mostow-type Rigidity, have finite asymptotic dimen- 
P^ ' sion and rapid decay property, and satisfy Baum-Connes conjecture. We 

rn , also characterize those lattices in real Lie groups that are isomorphic to 

• ■ relatively hyperbolic groups. 

-)— > 

Dedicated to Thomas Farrell and Lowell Jones 

rr\ . 

^ , 1. Introduction 

^. 

CN , Let M be a (connected) complete finite volume locally symmetric Riemannian 

manifold of negative sectional curvature, and let S* be a (possibly disconnected) 
compact totally geodesic submanifold of M of codimension two. As noted in 
Lemma IB.H the manifold M \ S is aspherical, and Theorems I1.1H1.2I indicate 
that the group vri (M \ S) shares various rigidity properties with lattices in rank 
C3 ■ one semisimple Lie groups. There are good reasons to focus on codimension two: 

if S had codimension one, then M\S would be a familiar object, namely, the 
interior of a compact real hyperbolic manifold with totally geodesic boundary 
obtained from M by cutting open along S", while if S had codimension > 2, 
cd \ then M\S would no longer be aspherical, and the groups 7ri(M\5) and 7ri(M) 

would be isomorphic. 

It is known that the pair {M,S) is modelled on (CH^,!!^), (H",H"-2), or 
(CH'",CH"-i), where CH", H'" denotes the hyperbolic n-space over C, M, 
respectively. The purpose of this paper is to study various topological and 
group-theoretic properties of M\S in the simplest case when (M, S) is modelled 
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2 IGOR BELEGRADEK 

on (H'",H"~2)^ Mqsi- results proved here extend to the case (CH",CH""^), 
yet some of the proofs become much harder, and this case shall be treated 
in [Belj . While I believe that the arguments in the case (CH"',CH"~ ) can 
be modified to hold in the "exceptional" case (CH ,H^), this remains to be 
checked. 

Clearly M\S can be identified with the interior of a compact smooth manifold 
N that is obtained from M by removing a tubular neighborhood of S and 
chopping off all cusps (in case M is noncompact). There are two kinds of 
components of dN: compact flat manifolds appearing as cusp cross-sections of 
M (appearing if M is noncompact), and virtually trivial circle bundles over 
components of S , which are locally isometric to the Riemannian product of S 
and a round circle. It follows from warped product computations of Heintze 
and Schroeder [Sch91j that N admits a Riemannian metric of sec < such 
that sec < on the interior of A^, and the boundary dN is totally geodesic 
(see Remark 13. 4p . In particular, the group vri(A^) is CAT(0). Furthermore, by 
compactness of A'^ the Heintze-Schroeder metric is ^-regular, so deep work of 
Farrell- Jones JFJ98J implies that that vri(A^) satisfies Borel's Conjecture. 

Results of this paper are summarized below. 

Theorem 1.1. Let M be a complete finite volume real hyperbolic n -manifold, 
and S is a compact totally geodesic submanifold of codimension two. Then 

(1) 7ri(A^) is non- elementary (strongly) relatively hyperbolic, where the periph- 
eral subgroups are fundamental groups of the components of dN . 

(2) the relatively hyperbolic boundary of tti{N) is the (n — 1) -sphere. 

(3) if n > 2, then tti{N) does not split as an amalgamated product or an HNN- 
extension over subgroups of peripheral subgroups of vri (N) , or over Z . 

(4) if n> 2, then 7ri(iV) is co-Hopf. 

(5) for any finite subset S C tii{N) there is a homomorphism of 'Ki{N) onto 
a non- elementary hyperbolic group that is injective on S . 

(6) iTi{N) satisfies Strong Tits Alternative. 

(7) 7ri(A^) is biautomatic. 

(8) No nontrivial subgroup of 7ri{N) has Kazhdan property (T). 

(9) Tii{N) is not a Kdhler group. 

(10) 7ri(A^) has finite asymptotic dimension. 

(11) 7ri(A^) has rapid decay property. 

(12) 7ri(A^) satisfies Baum-Connes conjecture. 

(13) if n > 3, then tti(N) is not isomorphic to the fundamental group of a 
complete negatively pinched Riemannian manifold. 

(14) if ■Ki{N) is isomorphic to a lattice K in a real Lie group G, then the 
identity component Gq of G is compact, A n Go is trivial, and A projects 
isomorphically onto a finite index subgroup of G/Gq . 
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The following is a version of Mostow rigidity. 

Theorem 1.2. For n > 2 and i = 1,2, suppose that Mi is a complete finite 
volume real hyperbolic n -manifold, and Si is a compact totally geodesic suhman- 
ifold of codimension two. Then any homotopy equivalence f : AIi\Si — > M2\S'2 
induces an isometry if : Mi — > M2 taking Si to S2 such that the restriction 
if : Ml \Si ^ M2 \ 5*2 is nomotopic to f . Moreover, if is uniquely determined 
by the homotopy class of f . 

Corollary 1.3. For n > 2, if M is a complete finite volume real hyperbolic 
manifold, and S is a compact totally geodesic submanifold of codimension two, 
then the correspondence f ^ if induces an isomorphism of the outer automor- 
phism group of 7ri(M \ S) onto the group of isometrics of M that m,ap S to 
itself. In particular, the outer automorphism group of 7ri(M \ S) is finite. 

A key technical result of this paper is part (1) of Theorem II. li Similarly to 
Heintze-Schroeder computation, we show that M \ S admits a finite volume 
complete Riemannian metric whose sectional curvature is bounded above by a 
negative constant. Then (1) and (2) of Theorem 11.11 follow from the closer look 
at properties of the metric; in fact it satisfies Gromov's definition of relative 
hyperbolicity, as elaborated in [Bow] . It is worth mentioning that previously 
Fujiwara |Fuj88| constructed a finite volume complete Riemannian metric on 
M\S with sectional curvatures within [—1,0), but it is unclear to me how to 
use Fujiwara's metric to prove relative hyperbolicity. 

Alternatively, part (1) of Theorem 1 1 . 1 1 can be deduced by combining results of 
Heintze, Schroeder |Sch91j . Kapovich-Leeb [KL95J. and Drutu-Osin-Sapir |DS05b| . 
Details are given in Appendix [Dj but briefly the universal cover N oi N 
with Heintze-Schroeder's metric is a CAT(0) space that has negative curva- 
ture away from dN , and path components of dN are isometric either to W^~^ 
or M X H"~^. Then an argument of Kapovich-Leeb |KL95] shows that N is 
asymptotically tree-graded with respect to dN , which by results of Dru^u-Osin- 
Sapir |DS05b| implies that 7ri(A^) is hyperbolic relative the fundamental groups 
of components of dN . It is unclear to me whether this proof also gives part (2) 
of Theorem 11.11 

Part (14) of Theorem 11.11 follows from the following characterization of lattices 
in Lie groups that are relatively hyperbolic. 

Theorem 1.4. Let G be a real Lie group with identity component Gq , let A be 
a lattice in G. Then A is isomorphic to a non- elementary relatively hyperbolic 
group if and only if one of the following is true: 

(i) Go is compact and G/Gq is isomorphic to a non- elementary relatively hy- 
perbolic group; 
(ii) G/Gq is finite, and G contains a compact normal subgroup K such that 
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K C Gq and Gq/K is a simple noncompact M.-rank one Lie group with trivial 
center. 

Remark 1.5. The assertions (i), (ii) of Theorem 11.41 do not mention A, thus 
relative hyperboUcity of lattices in G can be read off G. However, it is instruc- 
tive to see where A is "hidden": if Aq := A n Gq, then one shows that 

• Aq is a lattice in Gq , 

• Go is compact if and only if Aq is finite, 

• A/Aq is a finite index subgroup of G/Gq , 

• the restriction of the projection G -^ G/K to A has finite kernel. 

None of the results of this paper is truly hard to prove and they draw heavily on 
various (often deep) works available in the literature. A few harder questions 
are below. 

Let M be a compact locally symmetric irreducible n-manifold of sec < and 
S* is a compact totally geodesic submanifold of codimension two (where we 
assume n > 3, else the answers to the questions below are known to be "yes"). 

Question 1.6. Is tti{M\S) quasi-isometricaly rigid? 

Theorem 11.21 suggests that the answer might be "yes" . Recall that for irre- 
ducible nonuniform lattices in semisimple real Lie groups with finite center 
quasi-isometry implies commensurability (as proved by Schwartz, Eskin et al, 
see |Far97j for details). 

Question 1.7. Is 7ri(M\5) Hopfian? residually finite? linear? 

There is currently no general method of establishing Hopf property for relatively 
hyperbolic groups. Nevertheless, since the peripheral subgroups of tti{M \ S) 
are well-understood and quite rigid, the methods of |Sel991 IDS08J may suffice 
to imply that ni{M \ S) is Hopf. 

For {M,S) modelled on (X„,X„_i) where X„ is the symmetric spaces cor- 
responding to SO{n, 2) , Toledo |Tol93j used Raghunathan's work |Rag84| to 
show that if n > 4 and n is even, then 7ri(M \ S) is not residually finite. 

If 7ri(M \ S) is hyperbolic relative to the fundamental groups of the ends of 
M\S, as happens when {M,S) is modelled on (H",H"-2) or (CH",CH"-i), 
then Part (5) of Theorem 11.11 which is based on relatively hyperbolic Dehn 
Surgery theorem |Qsi07| (cf. |GM08j ). implies that 7ri(M \ S) is residually 
hyperbolic. In particular, if 7ri(M \ S) is not residually finite, then there exists 
a hyperbolic group that is not residually finite, which illustrates the difficulty 
of Question II. 7[ 

Structure of the paper. In Section [2] we write the real hyperbolic metric 
in cylindrical coordinates and also show that dN is a virtually trivial circle 
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bundle over S . Section [3] contains a curvature computation, which is then used 
in Section |4] to prove parts (l)-(2) of Theorem 11.11 Theorems 11.11 11.21 11-41 
are proved in Sections El El [Tl respectively. Appendix |A| contains definitions 
and basic results on relatively hyperbolic groups. A Morse-theoretic lemma 
describing topology of the universal cover of M \ S is proved in Appendix [Bl 
In Appendix Owe review (and also correct) some curvature computation for a 
multiply- warped product metric that were worked out in |BW04j . Appendix [Pl 
contains another proof of part (1) of Theorem I l.li 

2. Real hyperbolic space in cylindrical coordinates 

We denote the real hyperbolic metric on H" by h„. Given a totally geodesic 
subspace H"~^ C H*^, denote the distance to H"'~^ by r, and write h„ as 
dr'^+Pr , where pr is the induced metric on the r-tube F{r) around H"~^ . It is 
well-known that p^ is the Riemannian product of sinh {r)d6'^ and cosh (r)h„_2 
where dO"^ is the round metric on the unit circle, denoted S-*- . This fact is crucial 
for what follows hence we shall outline a proof (which apparently is not recorded 
in the literature). 

The orthogonal projection tt: H'^ -^ H"~^ is a fiber bundle whose fibers are 
totally geodesic 2-planes. Restricting tt to F{r) gives a circle bundle F{r) — s- 
jjn-2^ This defines a splitting of the tangent bundle TF{r) = V(r) © 'H{r) , 
where V(r) is tangent to the circle fibers, and 7i{r) is the orthogonal comple- 
ment of V(r) . Fix a point z G F{r) . The metric on V(r) at z can be computed 
inside the totally geodesic 2-plane 7r~^(7r(2;)) , and using the polar coordinates 
description of the hyperbolic 2-plane dr^ -|- sinh {r)d9'^ , we conclude that the 
induced metric on V(r) is sinh {r)d9'^ . A key feature of the real hyperbolic case 
is that at each point z G F{r) the subbundle 'H(r) is tangent to the codimen- 
sion one totally geodesic subspace spanned by H"^^ and z . Thus the induced 
metric on 'H(r) at z can be computed inside this codimension one subspace 
whose metric can be written as dr'^ + cosh (r)h„ , so that the induced metric 
on ^{{r) at z is cosh (r)h„ . Therefore, the induced metric in F{r) is a Rie- 
mannian submersion metric with base cosh(r)H"~^ and fiber sinh(r) -multiple 
of the unit circle. In this metric the circle fibers are closed geodesies, because 
this can be checked in the totally geodesic 2-plane 7r~^(7r(z)), where it is a 
tautology for any curve is a geodesic in the induced metric on itself. The A- 
tensor of the Riemannian submersion vanishes because 'H{r) is an integrable 
distribution being tangent to the foliation obtained by intersecting F{r) with 
the codimension one totally geodesic subspaces containing H""^. Thus the 
Riemannian submersion is locally a product, and hence globally a product as 
H""^ is simply-connected. In summary, the induced metric on F{r) is the Rie- 
mannian product of cosh(r)H"'~^ and sinh(r) -multiple of the unit circle. The 
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isometry group of F{r) is the product of the isometry groups of the factors, i.e. 
Iso(H"-2) xO(2). 

Now if r a torsion-free discrete isometry group of H" stabihzing a codimension 
two totally geodesic subspace H""^ , then T acts isometrically, freely, and prop- 
erly discontinuously on F{r). Hence F{r)/T is a flat Euclidean circle bundle 
over cosh(r) -multiple of H"~^/r, where "Euclidean" means that the holonomy 
of the flat connection lies in 0(2). 

We shall need the following fact that does not seem to be in the literature. 

Proposition 2.1. If X is a connected manifold with finitely generated fun- 
damental group, then any fiat Euclidean circle bundle over X becomes trivial, 
as a 0(2) -circle bundle, after passing to a finite Galois cover. In particular, 
the fundamental group of the total space has a finite index normal subgroup 
isomorphic to Z x tti{X) . 



Proof. If X denotes the universal cover of X , then any flat Euclidean circle 
bundle over X is a 7ri(X) -quotient of X x S""*^ , where tti{X) acts by covering 
automorphisms on the first factor, and via the holonomy homomorphism on 
the second factor. Passing to the orientation cover of the bundle cover, we can 
assume that the bundle is orientable, while the fundamental group of the base 
is still finitely generated. Orientable flat Euclidean circle bundles are classified 
by holonomy ■7ri(X) — > SO{2), so let (p be the holonomy homomorphism of the 
flat structure. Since SO{2) is abelian, ip factors through ip: Hi{M) — > 50(2). 
Write IIi{X) = Z © T where T is the (finite) torsion subgroup, and deform 
the Z summand to the trivial subgroup inside 50(2) without changing (p\T ■ 
(To do so choose a generating set si, . . . Sk for iJ^ , fix arbitrary paths Pi{t) 
in 50(2) from (p{si) to 1, and define ^t{si) = Pi{t) and (pt^x = <^|t)- The 
endpoint is c^i : 7ri(X) -^ 50(2) whose image <pi{T) is finite. Precomposing 
with the abelianization 7ri(X) -^ Hi{X) yields a path in the representation 
variety Hom(7ri(X), 50(2)) from c^ to a homomorphism with image (p{T) . By 
the covering homotopy theorem, the corresponding flat 50(2)-bundles have 
isomorphic underlying 50 (2) -bundles. Clearly, if a bundle corresponds to a 
homomorphism vri(X) — > 50(2) with flnite image, then it becomes trivial in 
the cover that corresponds to the kernel of the homomorphism. D 

Remark 2.2. A quicker but less elementary way to see that the bundle dN -^ 
S is virtually trivial is to note that dN is a totally geodesic submanifold in the 
nonpositively curved Heintze-Schroeder metric on N , so that the fundamental 
group of each component of dN is CAT{0) , which implies that the centralizers 
virtually split |BH99l Theorem l.l(iv), page 439]. 
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3. Curvature computation 

The curvature computations done in this section are straightforward and they 
could have been omitted had this paper been written for differential geometers. 
Since we expect more diverse readership, full details are given. Also instead 
of using ad hoc arguments, we find it more illuminating to rely on general 
curvature formulas developed in |BW04] and reviewed in Appendix [Cj This 
section could serve as a gentle introduction to delicate curvature computations 
in [Bel] . which use Appendix [C] in essential way. 

Given positive functions v,h, we write the Riemannian product metric of 
t;(r)S-'- and /i(r)H"'~^ as Xr,v,h = v'^{r)d9^ + /i^(r)h„_2. Consider the metric 
Xv,h = dr'^ + Xr^v,h on IxF , where / is an open interval, and F is an underlying 
smooth manifold of S"^ x H*^"^. Thus if v{r) = sinh(r), h{r) = cosh(r) and 
/ C (0, oo) , then X^^h coincides with the real hyperbolic metric h„ . For brevity 
we sometimes suppress v,h and label tensors associated with X^^h, Xv^h,r by 
A, Xr, respectively, and also denote by K the sectional curvature of A. 

Next we define a local orthonormal frame on / x F in which the curvature of 
Xjj^h will be computed. Denote ^ hy dr, and ^ by Xi . Fix z ^ I y. F and 
let w G H"~^ be the image of z under the projection to the last coordinate 
p: I X F ^ H"~^. Consider an arbitrary orthonormal frame {^i}, with 1 < 
i < n, defined on a neighborhood of w in H"~^ such that [Xj,Xj] vanishes 
at w for all i,j. (By a standard argument any orthonormal basis in Tu,H"~^ 
can be extended to some {Xi} as above). Let Xi be the vector field on I x F 
obtained by lifting X^ via the coordinate inclusions H""^ -^ I x F . Then 
dr,Xi, . . . , Xn-i is an orthogonal frame near z such that 

(1) {Xi,Xi)x = v\ and (X,,X,)a = h^ ioii>l. 

(2) [Xi,Xj] = = [Xi,dr] at z for all i,j, 

where all brackets vanish at z as the manifold is smoothly a product. The 
corresponding orthonormal frame dr, Yi = -Xi , Yi = j^Xi , i > 1 has the 
following properties: 

(i) [Yi,Y,] = ^[X„X,]=OfoTi,j>l, 

(ii) [y„yi] = ^[x„Xi] = o, 

where the first equalities in (i), (ii) hold because any function of r has zero 
derivative in the direction of Xi . 

Both v{r)S^ and /i(r)H"~^ have constant sectional curvature so computing the 
curvature tensor of Rx^ is straightforward, e.g. it follows from |KN63t Corollary 
V.2.3] and [Bes87, Theorem 9.28] that up to symmetries of the curvature tensor 
the only nonzero components of R\^ are the sectional curvatures of YJl^- -planes 
with 1 < i < j < n, which is —h~'^ . 
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Combining this with the fact that all brackets [^,1^] vanish, we see from 
Appendix \C\ that up to symmetries of the curvature tensor the only nonzero 
components of the curvature tensor R^, are 

(3.1) secx{Y,,Y,) = -^, secx{Y,,dr) = -!^, secx{Yudr) = -^, 

(3.2) secx(Yi, Y^) = -^ - (^) where 1< i < j < n. 

Hence the bivectors Ifc A Y/ , Yi A dr with k < I diagonalize the curvature 
operator, and hence global maxima and minima of secA are attained on the 
coordinate planes Y^Yi, Yidr, see e.g. |Pet061 Chapter 3, Section 1]. Thus to 
achieve sec;!^ < we just need to choose h, v increasing and satisfying h" > 0, 



Suppose e is less than the half of the normal injectivity radius of S , and let 
/ = (— oo, e) . Let p S> 1 be a parameter. We let h{r) = v{r) = e^ on (— oo, —p] , 
let h{r) = cosh(r) , v{r) = sinh(r) on [e, oo) , and then interpolate on [—p, e] to 
ensure that h , v are smooth and h' , v' , h" , v" are positive on [— p, e] , which 
is clearly possible for sufficiently large p (e.g. choose p so that the tangent 
lines to e^ at r = —p and to cosh(r), sinh(r) at r = e intersect on {—p,e)). 
By (J3.ip ~ (j3.2p one checks that sec < — 1 if r < — p, and of course sec = — 1 
if r > e . So compactness of [— /?, e] implies that secA is bounded above by a 
negative constant depending only on p,e. 

Remark 3.3. Every end of M\S' with metric Xy^h admits a Riemannian sub- 
mersion onto (— oo, 0] , and we refer to its fibers as cross-sections. In turn, every 
cross-section is the total space of a Riemannian submersion with fiber vS^ and 
base hB , where i? is a component of S . The volume of the cross-section can 
be computed by Fubini's theorem for Riemannian submersions |iSak96> Corol- 
lary 5.7], and since vS^ has volume 27tv , the volume of the cross-section is 
2'Kvh'^'^~'^vol{B) . By the same result, the volume of of the portion of the end 
corresponding to [r, 0] is 27rvol(i?) f vh?^~'^dr and the volume of the end is 
obtained by taking r to — oo. It follows that the ends have finite volume pro- 
vided h is bounded and /^^ u < oo , which holds for X^^h- Thus if the ends 
of M \ S" that approach S are given the metric A„_/j , then M \ S has finite 
volume. 

Remark 3.4. (1) By choosing v,h equal to small constants on (— oo,p] one 
recovers the Heintze-Schroeder's metric jSch91| of sec < that is a product 
metric at the ends that approach S . 

(2) By making v{r) = e^ and h{r) = e'' -|-t on (— oo, p] , for some small positive 
r = t{p, e) one recovers Fujiwara's result [FujSS] that M\S admits a complete 
finite volume metric of sectional curvature within [—1,0). 
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Remark 3.5. If n < 3, then secA is bounded between two negative constants 
because YiYj with 1 < i < j < n is the only coordinate plane on which there 
is no lower curvature bound, and 1 < i < j < n cannot occur when n < 3. 

4. Proving relative hyperbolicity 

We refer to Appendix |A] for basic information on relatively hyperbolic groups. 
As is briefly explained in [Bowl Section 6] , Gromov's definition of relative hyper- 
bolicity (stated somewhat informally in |Gro871 Definition 8. 6. A]) is equivalent 
to Definition lA.ll which is adopted in the present paper. Proposition 14.11 be- 
low is essentially the assertion that Gromov's definition implies Definition lA.il 
stated for group actions on negatively curved Hadamard manifolds. Unfortu- 
nately, we could not find the precise statement we need in the literature, so we 
supply a proof. 

Proposition 4.1. Let G be a group acting properly dis continuously and iso- 
metrically on a complete simply- connected Riemannian n -manifold X with 
sec(X) < —1 and n > 2. Suppose that X contains a G -invariant family 
of horoballs B such that 

(1) for some r > the distance between any two distinct horoballs in B is > r , 

(2) G acts cocompactly on the space Xq obtained by removing from X the in- 
teriors of the horoballs in B . 

Then G is a non- elementary relatively hyperbolic, relative to the set of stabi- 
lizers of the horoballs in B. The relatively hyperbolic boundary of G is dX , 
which is homeomorphic to (n — 1) -sphere. 

Proof. Let 11 be the set of centers of horoballs in B. First, we show that 
any point of 11 is bounded parabolic. In fact, if z is the center of a horoball 
B E B, then the stabilizer StabG(-B) of -B in G is a parabolic subgroup fixing z 
and acting cocompactly on the horosphere dB . (Indeed, StabG(i?) fixes z, and 
hence StabG(5) is an elementary subgroup that acts cocompactly and properly 
discontinuously on the horosphere dB , which is noncompact. In particular, 
StabG(i3) is infinite. Hence either StabG(5) is a parabolic subgroup, or else 
StabG(i?) stabilizes a geodesic in X emanating from z; the latter alternative 
is impossible because then StahciB) would have to fix the point of X where 
the geodesic intersects dB .) 

Second, any point of y € 5A'\n is conical limit point. Indeed, any ray emanat- 
ing from y intersects Xq in a unbounded set (else the ray would eventually stay 
in one horoball, so y would be its center contradicting y ^ 11). Take Xi G Xq 
that lie on the ray and tend to y . Since Xq/G is compact, it has finite diameter 
D, so there is an infinite G-orbit gi{x) with dist{xi, gi{x)) < D, hence y is 
conical. 
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By Definition lA.ll it follows that G is hyperbolic relative to its maximal para- 
bolic subgroups, and the relatively hyperbolic boundary equals to dX , which 
is an (n — 1) -sphere, in particular, dX contains more than two points, so G is 
non-elementary. 

Next observe that maximal parabolic subgroups of G are precisely the sub- 
groups Siabciz) ■, z € n. Indeed, no conical limit point can be fixed by a 
parabolic subgroup |Bow99t Proposition 3.2], so if z is the fixed point of a 
maximal parabolic subgroup, then z G 11 and the maximal parabolic subgroup 
lies in StabG(^)- Conversely, any point z € 11 is fixed by the parabolic sub- 
group StabG(2;), which is contained in a maximal parabolic subgroup whose 
unique fixed point must he z. 

Finally, note that if the horoball B ^ B is centered at z, then StabciB) equals 
to the stabilizer StabG'(-z) of z in G: the inclusion StabcC-B) ^ StabG(z) is 
obvious, and if g{z) = z, then g{B) and B are concentric horoballs in B, hence 
g{B) = B hy the assumption (1). D 

A neighborhood E of an end in a complete Riemannian manifold is called a 
cusp neighborhood if E admits a Riemannian submersion onto [0, oo) , and there 
exists a constant K such that the "holonomy" diffeomorphism ht from the fiber 
over {0} to the fiber over {t} is iT-Lipschitz for each t. 

To make sense of the above definition recall that Riemannian submersions of 
complete manifolds are smooth fiber bundles, so fibers of £' — > [0, oo) are closed 
smooth submanifolds, and we denote the fiber over {t} by Ft . Through every 
point of E there exists a unique horizontal geodesies ray that start at Fq ; 
the ray intersects each Ft orthogonally and projects isometrically onto [0, oo) . 
Pushing along horizontal geodesies ray defines the diffeomorphism ht'. Fq ^f Ft. 

Theorem 4.2. For n>2, k > 1, suppose that V is a complete Riemannian 
n -manifold with k ends, which have disjoint cusp neighborhood Ei, . . . ,Ek- Let 
q: V ^ V denote the universal cover of V . Then 

(1) If sec {V) < 0, then for each i, the inclusion Ei -^ V is ni-injective, and 
every component of q~^(Ei) is a horoball. 

(2) // sec(y) is bounded above by a negative constant, and each of the submer- 
sions Ei — > [0, oo) has compact fibers, then 7ri(y) is non- elementary relatively 
hyperbolic, relative to the conjugates of tti^Ei), . . .TTi{Ek) in TTiiV) , and the 
relatively hyperbolic boundary is the ideal boundary of V , which is homeomor- 
phic to 5"-i . 

Proof. Fix an end of V , and let E G {Ei, . . . ,£'fc} be the corresponding cusp 
neighborhood of the end. Fix an arbitrary component C of q^^{E), so that q 
restricts to a covering C ^ E. We next show that C is a horoball. The Rie- 
mannian submersion E -^ [0, oo) lifts to a Riemannian submersion G — > [0, oo) , 
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whose fibers are denoted Ft . The diffeomorphisnis ht hfts to a difFeomorphism 
ht'- Fq ^^ F defined by pushing along horizontal geodesic rays of C ^ [0, oo) . 
Since each ht is clearly i^-Lipschitz, any two horizontal geodesic rays of the 
submersion C -^ [0, oo) are asymptotic in V (because the HausdorfF distance 
between the rays is bounded above by K times the distance between their ini- 
tial points in Fq). So the horizontal geodesic rays define a point at infinity 
of V . The horospheres in V centered at the point are orthogonal to the hori- 
zontal rays in C and hence by dimension reasons their tangent spaces coincide 
with tangent spaces of fibers of C — > [0, cxd) . Since a foliation is determined 
by its tangent subbundle, the foliations of C by horospheres and by the fibers 
Ft coincide. As fibers and horospheres are codimension one closed submani- 
folds of V , every fiber is a closed and open subset of a horosphere, so each Ft 
equals to a horosphere. Thus C is the union of the horospheres that intersect 
a fixed horizontal geodesic ray in C , i.e. C is a horoball. Since horoballs are 
contractible, the inclusion E ^ V is vri-injective, which proves (1). 

Let G := iti{V) and X := V , and let B be the set of horoballs in X that are 
components of q~^{UiEi) . To prove (2) we are going to check that the G-action 
on X satisfies the assumptions of Proposition [4Tj Let L := V \ UiEi , i.e. L is 
the G -quotient of the space obtained from X by removing all horoballs of B. 
By assumptions the closure of L in y is a compact manifold with boundary, 
and distinct horoballs are r -separated e.g. by setting 3r equal to the normal 
injectivity radius of dL . By Proposition 14.11 G is a non-elementary relatively 
hyperbolic, relative to the set of stabilizers of the horoballs in B. Finally, 
the stabilizers of horoballs in B are precisely the conjugates of the subgroups 
7ri(ii^i), . . . , 'Ki{EjS) , which completes the proof. D 

Proof of (l)-(2) in Theorem \l.l\ By Section^ we equip M\S with a complete 
metric of sectional curvature bounded above by a negative constant. Each end 
of M\S corresponding to a cusp of M has a neighborhood with warped product 
metric dr"^ + e'^^df^ where df"^ is a flat metric on a cusp cross-section. Each 
end of M \ S that approaches S has a neighborhood with metric dr'^ + v^dO"^ + 
h^h.n-2 ■ In either case the r-coordinate projection is a Riemannian submersion 
with compact fibers, and ht is 1-Lipschitz as e^,v,h are increasing, so these 
are cusp neighborhoods, and Theorem 14.21 applies. D 

Remark 4.3. The conclusion that the relatively hyperbolic boundary is a 
sphere is of interest in itself. Previously known relatively hyperbolic groups 
with sphere boundaries are the fundamental groups of complete Riemannian 
orbifolds of finite volume and pinched negative curvature, or closed aspherical 
piecewise hyperbolic locally CAT{—1) manifolds whose links are topological 
spheres |DJ91] : these manifolds can be produced via the strict hyperbolization 
of polyhedra [CD95]. 
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5. Proof of Theorem 11.11 

The parts (l)-(2) are proved in Section HI 

(3) immediately follows from (1) and a result of the author [Bel07l Theorem 
1.3], where it was proved that if A^ is a compact aspherical manifold with incom- 
pressible boundary and tti{N) is hyperbolic relative to fundamental groups of 
components of dN and dim(A^) > 2, then 7Ti{N) does not split over elementary 
subgroup of the relatively hyperbolic group 7ri{N) . 

(4) A group is called co-Hopf if any injective endomorphism is surjective. The 
co-Hopf property for 7ri(A^) follows from (1) and (3) together with a result 
of Dru^u-Sapir |DS08j (see jBelOTl Theorem 1.3] for details). Alternatively, 
by |Bel07[ Theorem 1.5], the co-Hopf property for 7ri(A^) follows from (1) to- 
gether with results of Mineyev-Yaman |MY| who showed that hyperbolicity 
of 7ri(A^) relative to the boundary implies positivity of the relative simplicial 
volume ||A^,diV||. 

(5) Given a class of groups C, a group F is called fully residually C if any 
finite subset of T can be mapped injectively by a homomorphism of T onto 
a group in C. Osin |Qsi07j proved that if all peripheral subgroups of a non- 
elementary relatively hyperbolic group G are fully residually hyperbolic, then 
G is fully residually non-elementary hyperbolic. (This result can also be de- 
duced from |GM08j provided G is torsion-free and finitely generated, which is 
true for G = tti{N)). Now (5) follows from (1) together with the fact that 
the peripheral subgroups of vri(A^) are fully residually finite, and hence fully 
residually hyperbolic because finite groups are hyperbolic. 

To see that peripheral subgroups of vri(A^) are fully residually finite recall that 
the components of dN corresponding to the cusps of M have finitely generated 
virtually abelian fundamental groups, and of course, finitely generated abelian 
groups are residually finite. By Proposition 12.11 the fundamental group of any 
other component of dN contains a finite index subgroup isomorphic to Z x 
7ri{B) where 5 is a component of S . The groups Z, 7ri(i?) are linear and 
finitely generated, hence so is their product, which implies residual finiteness 
of Z X Tri{B) by a classical result of Mal'tsev. Thus all components of dN 
have residually finite fundamental groups. Finally, if the class C closed under 
finite direct products, then it is immediate that any residually C group is fully 
residually C, and we conclude that vri(A^) is fully residually finite. 

(6) A group satisfies the Strong Tits Alternative if any subgroup either con- 
tains a nonabelian free group or is virtually abelian. Tukia |Tuk94] (cf. |Gro871 
Secton 8.2.F]) proved the following Tits Alternative for relatively hyperbolic 
groups: a subgroup that does not contain a non-abelian free subgroup is either 
finite, or virtually-Z, or lies in a peripheral subgroup. Thus it suffices to prove 
the strong Tits alternative for the peripheral subgroups, which are extensions 
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of non-elementary hyperbolic groups by TL (the fundamental group of a circle 
bundle over a closed hyperbolic manifold is such by the homotopy exact se- 
quence of the bundle). Suppose Q is hyperbolic and -p: G ^ Q is a quotient 
with infinite cyclic kernel. If H < G does not contain Z * Z, then neither does 
p{H) , so p{H) is trivial or virtually- Z, which immediately implies that H is 
virtually abelian of rank < 2 . 

(7) According to Rececchi |Reb01] a relatively hyperbolic group is biautomatic 
provided its per ipheral su bgroups are biautomatic. Virtually abelian groups 
are biautomatic |ECH^92J . and so are virtually central extensions of hyperbolic 
groups |NR97] . so (1) implies that G is biautomatic. 

(8) Lemma [B . II implies that the kernel K of the surjection tti{M\S) — > tti{M) 
is a (countably generated) free group. If ff is a subgroup of 7ri(M \ S) with 
Kazhdan property (T), then it lies in the kernel because any action of iC on a 
real hyperbolic space has a fixed point [dlHV89j . while 7ri(M) acts freely. Thus 
the group H is free, and hence trivial, as nontrivial free groups do not have 
property (T). 

Remark 5.1. Similarly, one could show that vri(A^) contains no nontrivial 
simple subgroup for if i^ is a simple subgroup of 7ri(A^), then either H <Z K 
or H f] K = {!}. In the former case H is free hence trivial, as nontrivial 
free groups are not simple. In the latter case H embeds into 7ri(M), which is 
residually finite, so that H is residually finite and hence not simple. 

(9) Arguing by contradiction, suppose that K is a compact Kahler manifold 
with '7Ti{K) isomorphic to 7ri(M \ S) . Since S has codimension two, the in- 
clusion M\S induces a surjection iri{M \ S*) — > 7ri(M). Precomposing with 
the isomorphism Tri{K) = 7ri(M \ S) we get a surjection tti^K) — >■ tti{M), 
which is homotopic to a non-constant harmonic map K ^^ M [Lab91] . It was 
independently proved in [CT89t Theorem 7.1] and |JY91l Theorem 3] that the 
harmonic map K ^ M factors through a closed geodesic or a compact Rie- 
mann surface S. Since tti{M) is not virtually abelian, the map cannot factor 
through a geodesic, and S must have negative Euler characteristic. 

Fix a component C of S, and let B be the corresponding component of dN . 
By Proposition 12.11 B is a virtually trivial circle bundle over C . So there exists 
a finite cover G ^> G and a vri-injective map G ^ B such that G ^ B 
followed by the bundle projection i? — > C is homotopic to (7 — > C. The 
inclusion B^>NcM\S is vri-injective, and furthermore, the inclusion 
B -^ dN — 5- M is homotopic to the bundle projection B ^f G followed by the 
inclusion G ^f M . Thus the covering C -^ G C M homotopy factors through 
the inclusion B ^ M . It follows that tti (K) contains a subgroup isomorphic to 
7ri(C), and the above harmonic map maps this subgroup isomorphically onto 
a finite index subgroup of vri(C) < 7ri(M). Since the harmonic map factors 
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through S, the group Tri{C) injects into vri(S). So Tri{C) has cohomological 
dimension < 2. Since C is aspherical, C has dimension < 2, and hence 
dim{S) <2. 

Nontrivial free groups are not Kahler [ABC"'"96l Example 1.19] so dim (5*) > 0. 
If S is 2 -dimensional, then the above vri-injective map C — > S is homotopic 
to a finite cover, so its image of vri($]) — > tti{M) is commensurable to vri(C) < 
TTi{M) , and in particular, ttiC^) — > tti(M) is not onto, which is not the case. 
If S is one dimensional, then M \ S is a real hyperbolic 3-manifold with 
finitely many closed geodesies removed. Then it is a standard observation that 
M \ S can be given negatively pinched metric e.g. by Remark 13.51 hence A'^ 
is irreducible and atoroidal, so by Thurston's hyperbolization theorem M \ S 
admits a finite volume real hyperbolic metric. If the group 7ri(M\5) is Kahler, 
then we can repeat the above argument for a harmonic map from K to this 
real hyperbolic 3-manifold, that induces a vri -isomorphism. We then conclude 
that the group iri{K) = 7ri{M\S) injects into 7ri(S). But 7ri(M\5) contains 
Z © Z as a cusp subgroup, which contradicts the fact that S is has negative 
Euler characteristic. 

(10) Osin proved in }Osi05| that a relatively hyperbolic group has finite as- 
ymptotic dimension, provided all peripheral subgroups have finite asymptotic 
dimension. It is known (see e.g. |BD081 Corollary 60]) that asymptotic dimen- 
sion of finitely generated groups is invariant under commensurability. Further- 
more, the asymptotic dimension of an extension of finitely generated groups 
is bounded above by the sum of the asymptotic dimensions of the kernel and 
the quotient [BD061 Theorem 7], Since Z has asymptotic dimension 1, any 
polycyclic finitely generated group has finite asymptotic dimension, and in par- 
ticular, this applies to finitely generated nilpotent groups. It remains to deal 
with extensions whose kernel is Z, and the quotient is word-hyperbolic. For 
word-hyperbolic groups finiteness of asymptotic dimension is due to Gromov 
(see |R,oe05! ). 

(11) Drutu-Sapir |DS05aj proved that a relatively hyperbolic group has rapid 
decay property provided so do all peripheral subgroups. Rapid decay property 
for groups of polynomial growth (and in particular virtually abelian groups) 
was established by Jolissaint |Jol90l Proposition 2.1.9] who also proved that 
the rapid decay property is invariant under commensurability |Jol90l Section 
2.1]. So it remains to prove rapid decay property for central extensions with 
kernel Z and hyperbolic quotient which was done by Noskov |Nos92j . 

(12) Lafforgue [ Laf021 Corollary 0.0.4] proved Baum-Connes conjecture for 
groups with rapid decay property that are isomorphic to the fundamental groups 
of A -regular nonpositively curved manifolds. A Riemannian metric is called A- 
regular if for every A; > 0, each component of the fcth covariant derivative of 
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the curvature tensor is a bounded function on the manifold. By obvious com- 
pactness considerations, any metric that is a product near infinity is A-regular, 
hence the Heintze-Schroeder's metric |Sch91] on M \ S is A-regular, so the 
result follows from (11). 

Remark 5.2. Farrell- Jones showed that the fundamental group of a complete 
74-regular manifold of sec < satisfies the Borel's Conjecture |FJ98. Propo- 
sition 0.10], which says that the L and /T -theory assembly maps are isomor- 
phisms. In particular, if n > 5, then any homotopy equivalence of compact 
manifolds L — s- A^ that restricts to a homeomorphism dL — > dN is homotopic 
rel boundary to a homeomorphism [FJ981 Addendum 0.5]. 

(13) In a discrete isometry group of a negatively pinched Hadamard manifold 
the centralizer of any infinite order element is virtually nilpotent. Indeed, an 
infinite order element is either hyperbolic or parabolic, if the element is hy- 
perbolic, then it has exactly two fixed points at infinity which then must be 
stabilized by the centralizer. Hence an index two subgroup of the centralizer 
fixes the two points, and hence acts properly discontinuously on the geodesic 
joining the points. This shows that the centralizer is virtually cyclic. If the in- 
finite order element is parabolic, then it fixes exactly one point at infinity, and 
this point then must be fixed by the centralizer. According to Bowditch |Bow93| 
the centralizer is finitely generated and hence Margulis's Lemma shows it is also 
virtually nilpotent. If n > 3, then 7ri(A^) has a peripheral subgroup that is an 
extension with infinite cyclic kernel and non-elementary hyperbolic quotient. 
Since Aut(Z) has order two, its index two subgroup centralizes the infinite 
cyclic kernel, yet the group is not virtually nilpotent, because it surjects onto 
a non-elementary hyperbolic group. 

(14) Suppose that 7ri(A^) embeds as a lattice A into a real Lie group G with 
identity component Go, so Theorem 11.41 applies. Case (ii) is impossible, indeed 
Aq := a n Go is isomorphic to a finite index subgroup of 7ri(A''), so Ao is 
torsion-free, hence it projects isomorphically onto a lattice in Gq/K . So Ao 
embeds as a discrete subgroup into the isometry group of a negatively curved 
symmetric space, and we get a contradiction because by the proof of (13) Ao 
is not isomorphic to the fundamental group of a complete negatively pinched 
manifold. Thus we are in Case (i), and the claim follows from the fact that 
7ri(A^) is torsion free and the remarks made after the statement of Theorem ll.41 
which are justified in the proof of Theorem 11.41 

Remark 5.3. Of course, if dim(M) < 3, then M\S carries a complete finite 
volume real hyperbolic metric: the 2-dimensional case is classical, and the 3- 
dimensional case follows from Thurston's hyperbolization theorem. Thus the 
assumption n > 3 is needed in (13), (14). 
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6. MOSTOW-TYPE RIGIDITY FOR HYPERPLANE COMPLEMENTS 

Theorem 11.21 follows from Mostow-Prasad rigidity once it is shown that any 
homotopy equivalence Mi \ Si — > M2 \ S2 takes ends of Mi \ 5i to ends 
of M2 \ S2, which is ensured by part (1) of Theorem 11.11 together with an 
observation that the conjugacy classes of peripheral subgroups of vri(A^) are 
permuted by automorphisms of 7ri(A^). Details are below. 

Proof of Theorem M.SX We first give a proof when Mi, M2 are compact, and 
later indicate modifications in the finite volume case. Let Ni denote the com- 
plement in Mi of an open e -tubular neighborhood of Si where e is smaller 
than the normal injectivity radius of Si. Contracting along along the geodesic 
normal to Si identifies Mj \ Si with the interior of Ni . 

Throughout the proof we suppress the basepoints while talking about funda- 
mental groups. All fundamental groups are taken at some basepoints pi G Ni 
with f{pi) = P2, and while talking about the fundamental group of a compo- 
nent of dNi , we implicitly fix an embedded path from pi to each component of 
dNi and really are talking of the union of the component and the path. The 
same comment applies to components of Si . 

By Section m the group 7ri(A'^i) is hyperbolic relative to the fundamental groups 
of the components of dNi . A group is called intrinsically elementary if is not 
isomorphic to a non-elementary subgroup of a relatively hyperbolic group. As 
noted in [Bel07[ discussion after Theorem 1.5]), examples of intrinsically ele- 
mentary groups include amenable groups and groups with infinite amenable 
normal subgroups. Since fundamental groups of the components of dNi are 
intrinsically elementary, and since Ni is aspherical with incompressible bound- 
ary, by a standard argument (spelled out e.g. in [Bel07[ Proof of Theorem 
8.1]) / induces a homotopy equivalence of pairs {Ni,dNi) -^ {N2,dN2) whose 
pre/post-composition with homeomorphisms Mj \ 5j — > Int(A'^i) is homotopic 
to /. With a slight abuse of notations we henceforth denote the homotopy 
equivalence of pairs by / . We can also assume that in each component of dNi 
the map /: {Ni,dNi) — > {N2,dN2) takes homeomorphically one fiber circle 
to a fiber circle in the corresponding components of A^2 (because fiber circles 
correspond to maximal infinite cyclic normal subgroup which are preserved by 
any group isomorphism). 

Let Nf be the union of Ni and a collection of 2 -discs, one for each component 
of dNi, where each disc is attached along the fiber circle in the component 
of dNi , and where we may assume that these disks are fibers in disk bundles 
bounding the chosen circles. Then / extends to a map f^: Nf —^ N2 where 
f^ is a homeomorphism on the corresponding discs. The inclusion Ni -^ Mi 
extends to an embedding Nf -^ Mi which induces, by Van Kampen theorem. 
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an isomorphism of fundamental groups ni^Nf) = 7ri(Mj). Then / induces an 
isomorphism ^: 7ri(Mi) -^ tti{M2) , and a homotopy equivalence Mi -^ M2 
that extends / up to homotopy. Since under the inclusions A^^^ — > Mj the fun- 
damental group of any component of dNi is mapped onto the corresponding 
component of Si , we conclude that ip takes the fundamental group of compo- 
nents of Si to the fundamental groups of corresponding components of S2 ■ 

Let h: Mi — > M2 and /i: 5i — > 5*2 be the unique isometries induced by tp 
via the Mostow rigidity. Suppressing inclusions, we think of /i, h as maps 
from 5*1 to M2 , and by the previous paragraph these maps are homotopic. Let 
Ht'. Si ^ M2 be the homotopy joining h and h. We want to show that the 
totally geodesic submanifolds h{Si), h{Si) = S2 coincide. Fix an arbitrary 
component C of Si , restrict Ht to C , and then lift Ht to the universal covers 
Ht: C ^ M2 ■ Then Ht is a homotopy joining two totally geodesic embeddings 
H""^ = C ^ M2 = H" , and by compactness of C there is a uniform upper 
bound on the lengths of tracks of Ht . If the Hausdorff distance between two 
totally geodesic planes in H" is bounded above, then the planes coincide. It 
follows that the above totally geodesic embeddings C — > M2 have the same 
image. Hence, their projections are equal as well. Thus /i(S'i) = 5*2. 
The uniqueness claim follows from uniqueness in Mostow rigidity. Indeed, as- 
sume there are two isometries h, h' as above, and let q := h' o h~^ . Then q is 
an isometry of M2 with q{S2) = S2 such that the restriction of q to M2 \ S2 
is homotopic to identity. In a smooth manifold any two points can be mapped 
to each other by an isotopic to identity diffeomorphism, and the isotopy can 
be chosen equal to identity outside a path joining the points. Compose q with 
such self-diffeomorphism r of M2 so that r o g is homotopic to identity relative 
to a basepoint p2 G M2 \ S2 , and roq = q away from a compact set in M2 \ ^2 . 
Now take a loop 7 in M2 based at p2 , and deform it away from ^2 , using 
that the inclusion M2 \ 5*2 ^ M2 is vri-surjective. Then r o g, considered as a 
self-map of M2 \ S2 takes this loop to a homotopic loop based at p2, so r o q 
induces the identity on of Tri{M2,P2) ■ Hence q is homotopic to identity, in 
which case q equals to the identity by Mostow rigidity. 

In the finite volume case we obtain Ni by first chopping of the cusps of Mi 
and then removing an e-neighborhood of Si , and the rest of the proof is the 
same. D 

Proof of Corollary \1.3l immediately follows from Theorem 11.21 where the last 
assertion of Corollary 11.31 holds as the isometry group of M is finite by Mostow 
rigidity. D 

Remark 6.1. Finiteness of Out(7ri (M\S')) can be also deduced from part (3) of 
Theorem 11.11 together with results of Dru^u-Sapir |DS08j and the author [Bel07| 
(see jBelO?! Theorem 1.3] for details). 
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7. Lattices that are relatively hyperbolic 

Most of the ideas needed to prove Theorem 11.41 are contained in [ACT02t IFW] . 
The proof uses structure theory of Lie groups, various basic facts on relatively 
hyperbolic groups, Margulis's Normal Subgroup Theorem, Osin's result that 
any relatively hyperbolic group has an infinite normal subgroup of infinite index, 
and Dru^u's result [Druj that being relatively hyperbolic is a quasi-isometry 
invariant. Note that Dru^u's result is only used to conclude that a group that 
contains a finite index non-elementary relatively hyperbolic subgroup is non- 
elementary relatively hyperbolic. It is applied in the "only if" direction of part 
(i) after we show that the finite index subgroup A/Aq of G/Gq is relatively 
hyperbolic, and in the "if" direction of part (ii) after we show that the finite 
index subgroup Aq of A is relatively hyperbolic. Thus by making the statement 
of Theorem 11.41 slightly less elegant one could avoid referring to [Dru] . All the 
other ingredients of the proof are indispensable. 

Remark 7.1. I expect that Theorem 11.41 holds for lattices in algebraic groups 
over local fields, and encourage an interested reader to work this out. As a 
starting point, in all cases when the Normal Subgroup Theorem is known e.g. 
as in ^Mar91llBS06j . the lattices cannot be relatively hyperbolic. On the other 
hand, if fe is a non-archimedean local field, then all lattices in semisimple al- 
gebraic fc-group of fc-rank one are relatively hyperbolic, namely, by the proof 
of |Lub91i Theorem 7. 1] every lattice is the fundamental group of a finite graph 
of group with finite edge groups, and any such group is hyperbolic relative to 
the vertex subgroups, as follows e.g. from [Bowl Definition 2]. (Nonuniform 
lattices are infinitely generated, but most definitions of relative hyperbolicity 
extend to infinitely generated case and lead to the same classes of groups [Hruj.) 
My interest in describing lattices that are relatively hyperbolic was motivated 
by the work of Behrstock-Dru^u-Mosher, who by a very different method proved 
in [BDMl Section 13] that higher rank lattices in semisimple groups over local 
fields of characteristic zero are never relatively hyperbolic. 



Proof of Theorem \1.4\ It is straightforward to check that AGq is a closed sub- 
group of G, so by |Rag72[ Theorem 1.13] the group Aq := A n Go is a lattice 
in Go- Furthermore, A/Aq is a lattice in the (discrete) group G/Gq because 
it leaves invariant the pushforward of the G-invariant measure on G/A by 
the projection G/A —>■ (G/Go)/(A/Ao); in other words A/Aq is a finite index 
subgroup of G/Gq . 

Case (i). If Go is compact, then Aq is finite. Therefore, A is non-elementary 
relatively hyperbolic if and only if A/Ao is non-elementary relatively hyperbolic 
if and only if G/Gq is non-elementary relatively hyperbolic (see Appendix E]) . 
That relative hyperbolicity of A/Aq implies relative hyperbolicity of G/Gq 
depends on delicate work of Dru^u [Dru] . 
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Thus it remains to consider the case when Go is noncompact, in which case we 
are to prove that A is isomorphic to a relatively hyperbolic group if and only 
if (ii) holds. First, we treat the "only if" part. 

Passing to semisimple quotient. Since Gq is noncompact, Aq is infinite. 
Let R be the solvable radical of Gq , i.e. a unique maximal solvable connected 
normal subgroup of Gq. Note that R is normal in G. Let p: G ^ G/R be 
the projection. Since A contains no infinite solvable normal subgroup, i? n A 
is finite, and A is mapped with finite kernel onto a subgroup p(A) of the Lie 
group G/R whose identity component Gq/R is semisimple. 



If p(A) is not discrete in G/R, then by a result of Auslander |Rag72, Theorem 
8.24] the identity component U of the closure of p(A) is solvable. Then p~^{U) 
is a solvable group that has infinite intersection with A, and it is easy to check 
that the subgroup Anp~^{U) is normal in A, so this case cannot occur, as A 
has no nontrivial solvable normal subgroups and p~^{U) is solvable. 

Thus p(A) discrete. Then it is straightforward to check that RA is a closed 
subgroup of G, so by |Rag72 Theorem 1.13] the trivial group RCiA is a lattice 



in i?, so i? is compact. Recall that a Lie group homomorphism with compact 
kernel takes lattices to lattices, as can be deduced e.g. from [Rag72( Lemma 
1.6], so p{A) is a lattice in G/R, whose identity component Gq/R is semisimple. 

Passing to centerless semisimple quotient with no compact factors. 

Let G be a unique maximal connected compact normal subgroup of Gq/R so 
that Hq := {Gq/R)/C is semisimple with no compact factors. By uniqueness, 
G is normal in G/R; we let H := {G/R)/C and note that Hq is the identity 
component of H as R,G are connected. Since R and G are compact, the 
kernel of the projection h: G ^ H is compact, so the kernel of A ^ ^(A) is 
finite, h{A) is a lattice in H , and /i(Ao) is a lattice in Hq. In particular, h{L) 
is still isomorphic to a non-elementary relatively hyperbolic group. 

The center Z of Hq is normal in H . By [ Mar91t Lemma IX. 6.1], Zr)q{AQ) has 
finite index in Z . On the other hand, Zr)h{A) is an abelian normal subgroup of 
h{A) , so Znh{A) is finite. Thus Z is finite. We let Q := H/Z and Qq := Hq/Z, 
so that Qq is the identity component of Q, and Qq is noncompact semisimple 
with trivial center and no compact factors. Let K be the (compact) kernel of 
the projection q: G ^> Q; thus the kernel of A — > q{A) is finite (and lies in Gq 
and hence in Aq), L := q{A) is a lattice in Q, and Fq := ^(Aq) is a lattice in 
Qq , while F is still isomorphic to a non-elementary relatively hyperbolic group. 

Proving that G/Gq is finite. Since the kernel of g : G ^ Q lies in Gq , 
it induces an isomorphism G/Gq — > Q/Qq which takes A/Aq onto F/Fq . As 
mentioned above, A/Aq is a lattice in G/Gq , so F/Fq is a lattice in Q/Qq , 
which is discrete, and hence it suffices to show that F/Fq is finite. 
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Arguing by contradiction suppose that T/Tq is infinite. The center of Tq is 
finite, else T would have an abelian infinite normal subgroup. In fact, it follows 
from Borel Density theorem that any finite normal subgroup of a lattice in a 
semisimple Lie group with finite center and no compact factors lies in the center 
of the Lie group (see e.g. [Wit I Corollary 5.42]). Thus Fq is centerless. Hence 
the extension 

1 ^ To ^ r ^ r/Lo ^ 1 

is completely determined by the canonical homomorphism T/Tq -^ Out(ro) , 
see |Bro941 IV, Corollary 6.8]. The homomorphism comes from the L-action 
on Qq by conjugation. Since Qq is semisimple and centerless, Out((3o) is 
finite [HelOU Theorem IX. 5. 4]. Thus after passing to a finite index subgroup, we 
can assume that F acts on Qq by conjugation via inner automorphisms of Qq . 
Since the actions preserves Tq, the homomorphism T/Tq -^ Out(ro) factors 
through A^(5(,(ro)/ro, where A^QQ(ro) denotes the normalizer of Tq in Qq. 
By the Borel Density Theorem, A^QQ(ro)/ro is finite (see e.g. |Witl Corollary 
5.43]). Hence after passing to a finite index subgroup we can assume that the 
homomorphism T/Tq -^ Out(ro) is trivial, hence a finite index subgroup of 
r is the product of two groups, commensurable to Tq and T/Tq , which are 
infinite. This is impossible for a non-elementary relatively hyperbolic group, 
which gives a promised contradiction. 

Gq/K has real rank one. Note that Tq is relatively hyperbolic, as a finite 
index subgroup of a relatively hyperbolic group T. So Fq is not virtually 
a product of infinite groups, hence Fq is an irreducible lattice in Qq. By 
Proposition \K.2\ which is due to Osin, Fq has an infinite normal subgroup of 
infinite index, which is impossible for higher rank lattices by Margulis's Normal 
Subgroup Theorem |Mar9H Theorem IX. 6. 14]. Thus Qq = Gq/K has M-rank 
one. 

If (ii) holds, then A is non-elementary relatively hyperbolic. The 

projection Go — *• Gq/K restricted to Aq has finite kernel and the image is the 
lattice Fq in the isometry group of a hyperbolic space over reals, quaternions, 
complex or Cayley numbers. It is well-known that Fq is (non-elementary) 
relatively hyperbolic, and hence so is Aq . By [Dru] A is (non-elementary) 
relatively hyperbolic. D 

Appendix A. On relatively hyperbolic groups 

Relatively hyperbolic groups were introduced by Gromov [Gro87j . and in this 
paper we use the following version of Gromov's definition developed by Bowditch 
(see [Bowl Definition 1]). 

Let G be a finitely generated group with a (possibly empty) family Q of infinite 
finitely generated subgroups. Suppose that G acts properly discontinuously and 
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isoinetrically on a proper, geodesic, hyperbolic metric space X . Then G acts on 
the ideal boundary dX of X as a convergence group [Bow99t Proposition 1.12] 
with limit set L{G) C dX . We refer to |Bowl Section 6], or [Bow99] . or [Yam041 
Section 5] or jFre97j for relevant background on convergence groups. 

Definition A.l. We say that G is hyperbolic relative to Q if L{G) = dX , 
each point of L{G) is either conical or bounded parabolic, and the maximal 
parabolic subgroups of G are precisely the elements of Q . 

Elements of Q are also called peripheral subgroups. It is known that there only 
finitely many conjugacy classes of peripheral subgroups. 

Other definitions of relatively hyperbolic groups were developed by Farb |Far98] , 
Bowditch [Bowl Definition 2], Yaman |Yam04] . Dru^u-Osin-Sapir |DS05b] . Osin 
fOsi06b|, Dru^u |Druj . and Mineyev- Yaman [MY]. It is known that all these 
definitions are equivalent to Definition lA.ll provided G and all its peripheral 
subgroups are finitely generated and infinite. The proofs of various equivalences 
can be foun d in ^ah O Sj Appe ndix A] (cf. [Bo^lSzc98[IBumn5p . [OsiOGbl The- 
orem 7.10], |Yamn4j . [DSOBbi Theorem 8.5], [Prul Theorems 4.21,4.34], [MYI 
Theorem 57]. With many different approaches to relative hyperbolicity there 
are some minor differences in terminology, which will be pointed out as needed. 

Bowditch in |Bow| developed a notion of a relatively hyperbolic boundary for 
G that is G-equivariantly homeomorphic to dX , and such that any isomor- 
phism of relatively hyperbolic groups that preserves the collection of peripheral 
subgroups induces an equivariant homeomorphism of the boundaries. 

We summarize below some basic properties of (discrete) convergence groups. A 
subgroup of a convergence group is called elementary if its limit set contains at 
most two points, which happens exactly if the subgroup is finite, virtually-Z, 
or parabolic. Otherwise, the subgroup is called non- elementary. An elementary 
subgroup containing a parabolic element cannot contain a hyperbolic element. 
Suppose if is a non-elementary convergence group. By a ping-pong argument a 
non-elementary subgroup of H contains a nonabelian free group |Tuk94j . Any 
finite normal subgroup of H acts trivially on the limit set, and the limit set of 
an infinite normal subgroup of H equals to the limit set of H (see |Fre97] ). In 
particular, any infinite normal subgroup of H is non-elementary, and H has no 
infinite virtually solvable normal subgroups. It follows that H is not virtually 
a product of infinite groups, for if Hi x H2 is a finite index subgroup of H and 
Hi,H2 are infinite, then Hi x H2, and hence Hi,H2 are non-elementary, but 
the normalizer of any infinite order element of Hi contains H2 , and elementary 
subgroups have elementary normalizers. 

Relative hyperbolicity of G is clearly inherited by extensions G of G such that 
G ^> G has finite kernel, and subgroups (5 of G of finite index. Indeed, one 
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can use the actions of G, G* on the same hyperbohc space induced by the G- 
action, and define the peripheral subgroups of G, G to be stabihzers of the 
parabohc fixed point of G. Also if iV is a finite normal subgroup of G, then 
G/N is hyperbolic relative to the images of the peripheral subgroups of G, 
because relative hyperbolicity is encoded in the action on the boundary, and 
the G-action on the boundary factors through the projection G -^ G/N (an 
algebraic proof of this fact can be found in [AMOOT], Lemma 4.4]). It follows 
that the kernel of the action of a relatively hyperbolic group on its boundary 
is a unique maximal normal finite subgroup, which was characterized in purely 
group theoretic terms in |AMQ07] Lemma 3.3]. Finally, if G is non-elementary, 
then G, G , G/N are non-elementary because all these groups share the same 
boundary. 

By contrast, is not at all easy to show that relative hyperbolicity is inher- 
ited by any group G that contains G as a finite index subgroup. Dru^u re- 
cently proved [Dru] a much more general result that the property of being 
non-elementary relatively hyperbolic is invariant under quasi-isometry. 

The following result does not appear in the literature. 

Proposition A. 2. (Osin) Any non- elementary relatively hyperbolic group has 
an infinite normal subgroup of infinite index. 

Proof. The proof below applies to all groups that are relatively hyperbolic in 
the sense of Osin, and there are various differences in terminology, e.g. Osin 
reserves the term "elementary" for virtually cyclic subgroups, and calls an el- 
ement "hyperbolic" if it cannot be conjugated into a peripheral subgroup; an 
element of infinite order is hyperbolic in Osin's sense if and only if it fixes ex- 
actly two points on the boundary. In what follows we rephrase Osin's results 
in the terminology adopted in this paper. 

Take a non-elementary relatively hyperbolic group G with peripheral subgroups 
H\. By |Osi06at Corollary 4.5] G contains an (infinite order) hyperbolic ele- 
ment. By |Osi06al Theorem 4.3] every (infinite order) hyperbolic element g 
is contained in a unique maximal virtually cyclic subgroup E{g) . By |Osi06al 
Corollary 1.7] G is hyperbolic relative to {Hx,E{g)} which is non-elementary, 
since the original relatively hyperbolic structure on G was non-elementary. Re- 
peating this argument we find another (infinite order) hyperbolic element h 
such that G is hyperbolic to {Hx,E{g),E{h)} . By [OsiOTj Theorem 1.1] for 
all large n the quotient G of G by the relation /i" = 1 is hyperbolic relative 
to the images of {Hx,E{g),E{h)} and the projection map G — ;■ G is one-to- 
one on each peripheral subgroups other than E{h) . In particular, the group 
G is infinite, as it contains the infinite virtually cyclic subgroup E{g) (and in 
fact one can easily show that G is non-elementary, as at the end of the proof 
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of [Qsi07l Corollary 1.6]). The kernel is also infinite because it contains the 
infinite cyclic subgroup generated by /i" , thus the kernel is an infinite normal 
subgroup of infinite index. D 

Appendix B. Morse theoretic lemma 

Particular cases of the following lemma were used by Toledo [Tol93] and also by 
those working with 3-hyperbolic manifolds (as explained to me by Ian Agol). 

Suppose that M is a connected complete n-manifold of sec < 0, and S is 
a compact (not necessarily connected) totally geodesic submanifold of M of 
codimension > 1. Denote the universal cover of M by Af , and let S be the 
preimage of S under M ^ M . Let A^ be the complement in M of an open 
tubular neighborhood of S . 

Lemma B.l. (i) M\S is dijfeomorphic to the manifold obtained from an open 

n-hall by attaching k -handles, one for each component of S of codimension 

k + l. 

(ii) M\S is aspherical if and only if each component of S has codimension two, 

in which case the inclusion M\S — > M induces a surjection 7ri(M\5) — > tti{M) 

whose kernel is a free group on the set of components of S . 

(iii) no homotopically nontrivial loop in dN is null-homotopic in N . 

Proof. Since S is compact it has positive injectivity radius i. Let Z be the 
complement of an open i -neighborhood of S" in M . Fix a point * in the 
interior of Z . The distance to * is a smooth Morse function on Z . Indeed, 
since sec(M) < 0, the function has no critical points on the interior of Z . By 
first variation formula the critical points of the function are the points where 
geodesic rays emanating from * intersect dZ orthogonally. Thus if C is a 
component of 5, then the z -neighborhood of C contains precisely two critical 
points which lie on a unique ray from * that is orthogonal to C . By Morse 
theory passing through C results in attaching a handle that "goes around" C , 
thus if C has codimension A; + 1 we attach a A: -handle, so (i) is proved. 

(ii) Since S has codimension > 1, all /c's are positive, so that Z is connected 
and homotopy equivalent to a wedge of spheres with one /c -sphere for each 
/c-handle "going around" a component of dZ . Hence Z is aspherical if and 
only if Z is homotopy equivalent to a wedge of circles, or equivalently if and 
only if each component of S has codimension two. In this case the inclusion 
M \ S ^> M clearly induces a surjection 7ri(M \ S) ^f ■ki{M) whose kernel 
7ri{Z) is isomorphic to a free group on the set of components of dZ . 

(iii) If a loop a C dN is null-homotopic in N , then a lifts to a loop a C dZ 
that is null-homotopic in Z . Every component of dZ is homotopy equivalent 
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to a circle that represents a nontrivial free generator in tti {Z) . Thus a must 
be null-honiotopic in dZ , and this homotopy can be pushed down to dN . D 

Appendix C. Curvature of warped product metrics 

In this appendix we review (and also correct!) some formulas for the curvature 
tensor of a multiply- warped product metric dr"^ + gr that were worked out 
in |BW04l Section 6]. 

Suppose Qr is a family of metric on a manifold F where r is on an open 
interval I. The computation in |BW04[ Section 6]) works provided at each 
point w oi F there is a basis of vector fields {Xi} on a neighborhood U^ d F 
that is ^Tf. -orthogonal for each r. We fix one such a basis for each w. Let 
hi{r) = y^gr{Xi,Xi) so that Yi = Xi/hi form a (7,. -orthonormal basis on C/^ 
for any r > 0. Since Xi^Q and g^ is nondegenerate, hi > 

To simplify some of the formulas below we denote g{X, Y) by {X, Y) , denote 
the vector field ^ hy dr, and reserve the notation ^T for the partial derivative 
of the function T by r . 

A straightforward tedious computation (done e.g. in [BW041 Section 6]) yields 
the following. 

(C.l) {RgiYi,Y,)Y„Y,) = {RgM,Y,)Y„Yi) - g|, 

(C.2) {Rg{Y,Yj)Yi,Ym) = {RgM,Yj)yi,Yn^) if {i,j} / {l,m}, 

(C.3) {Rg{Y^,dr)dr),Yi) = -i;l, {Rg{Yi,dr)dr),Y,)=0 \ii^j. 

The following mixed term is by far the most complicated and is usually the 
hardest to control. 

Lemma C. 4. 2{Rg{dr ,Yi)Yj ,Yk) equals to 
([Fi,y,],n)(ln^) + {[Yk,Yi],Y,) {\n^\ + ([y,, y.],y.) (^In A.") . 

Proof. As noted in |BW04l Section 6] V d^Yi = and [dr.Yi] = -^Yi, which 
by the definition of the curvature tensor gives that 

R{dr,Yi)Yj = Va,,Vy,y,- + ^Vy^y, 

tli 

Just like in [ BW04] Koszul's formula can be used to compute that 

(C.5) yyYj = -!^AA + Ek^Yk where 

Qijk = {[Yi,Yj],Yk) + {[Yk,Yi],Yj) + {[Yk,Yj],Yi). 
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and then the definition of the curvature tensor iniphes that 

(C.6) 2{Rg{dr, Y,)Yj,Yk) = '^^Qi.k + |:Q^,fc. 

Since Vg^Yfc = 0, we know that -^Qijk is the sum of terms of the form 

{VaAYi,Yj],Yk). It is noted in [BWMl Section 6] that [Yi,Yj] = j^[Xi,Xj] 

so it is enough to compute Vg^Xi^Xj]. We can write [Xj,Xj] = J2k'^ij-^k^ 

where c^- is independent of r (because the identity [Xj, Xj] = ^^ '^ij-^k is pull- 

_d_„k 

dr ^ij 
.. = /\Y. YA YA/h? hppnn«P /Y,. YA = /i? On tliP 



backed from TF by the projection F x I ^ F). Thus ^c^,- = 0, yet one has 

cf- = {[Xi,Xj],Xk)/hl because {Xk,Xk) = hi . On the other hand, Vg^lfc = 



h' k 

implies that Vg^Xk = j^Xk, and in summary Vg^Xi^Xj] = J2k% ^ dr^k 
where 

4 Va,Xfc = 4 ^Xk = {[X,,X,lXk) ^Xk = {[Yi,Yj],Yk) ^h^hjYk, 

i^k l^k k 

which yields 



(C.7) (Vajy.,y,],n) = (^VajX„X,] + (^j [x„x,],n) = 

(& - St) {[y^^y^iyk) = (in^)'([y.,y,],n), 

giving the desired formula, after plugging (1C.7P into (|C.6p and collecting terms. 

D 

Remark C.8. It was stated in |BK051 IBK06| as an immediate implication 
of |BW04l Section 6] that 

(i?,(a,,y,)y,,n) = M|MZ(([y^,y^],y,) + ([y^,y,],y^.) + ([y^,y,],y.)), 

but according to Lemma \CA\ this formula is incorrect due to error in |BW041 
Lemma 6.2(1)]. (Note that [ BW04t Lemma 6.2(4)] is also incorrect as a particu- 
lar case of [BW041 Lemma 6.2(1)]). This erroneous formula was used in |BW041 
IBKn51 IBKn6j in a crucial way, yet all the other results in |BWn4[ IBKn5[ |EK06] 
continue to hold without any change with the correct formula of Lemma IC.41 
because they only depend on the fact that {Rg{dr,Yi)Yj,Yk) is a linear com- 

bination of the terms of the form ^([1^, Yj], 1^) . Specifically, in [BW04J we 
always work in the frame {Yk} for which {\Yj,Yi\,Yk) vanishes at the point 
where the curvature is computed (see [ BW041 Section 7]), so {Rg{dr,Yi)Yj,Yk) 
also vanishes at the point. Similarly, in the nearly identical warped product 
computations of |BK051 Section 3], and [BK061 Section 10] the terms j^ are 
uniformly bounded, and we work with a family of metrics dr-^ + s'^Qr for which 
{[Yj,Yi\,Yk) approaches zero as s ^ oo, so {Rg{dr,Yi)Yj,Yk) is asymptotically 
zero, which is what is needed in [BK051IBK06] . 
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Appendix D. Another proof of relative hyperbolicity 

This appendix gives another proof of part (1) of Theorem 11.11 via results of 
Heintze, Schroeder |Sch91| . Kapovich-Leeb |KL95| and Dru^u-Osin-Sapir [DSOSbj . 

We refer to |DS05b| for basic information on asymptotic cones and tree-graded 
spaces. 

Suppose that X is a CAT{0) space with a collection {Di} of open convex sub- 
spaces of X such that there exists e > with the property that e -neighborhoods 
of -Dj's are disjoint, and every 2e-ball centered outside UiDi is CAT{—1). Fix 
an arbitrary asymptotic cone Cone(X) of X (specified by a choice of non- 
principal ultrafilter, an observation point, and a sequence of scaling factors), 
and denote by D the collection of all subspaces of Cone(X) that are limits of 
various subsequences in {Di} . Suppose that every subspace D G V has the 
following property: given any distinct points x,y, z G V there is a sequence 
Zn ^^ z such that the geodesic triangle with vertices x, y, Zn is open (where 
following Kapovich-Leeb we call a geodesic triangle open if any two sides of the 
triangle intersect only at their common vertex). Suppose that a group G acts 
geometrically (i.e. isometrically, properly discontinuously, and cocompactly) on 
X , and that the action permutes Di 's. With the above assumptions one has 
the following. 

Theorem D.l. G is hyperbolic relative to the set of stabilizers of Di 's. 

Proof of Theorem \D. 1[ In |KL95l Section 4.2] it is proved that Cone(X) is 
tree-graded with respect to T>. (The result does not need the existence of a 
geometric action of G on X that permutes Di 's, and is stated in [KL95] only 
when Di 's are uniform neighborhood of flats, in which case each D is a flat in 
Cone(X), but the proof in |KL95j works without change). 

Since e-neighborhoods of -Dj's are disjoint and G acts geometrically, {Di} 
falls into finitely many G-orbits. (Else there would exist an infinite sequence of 
pairwise G-inequivalent -D^'s, so take a point in each, pass to quotient, choose 
a converging subsequence, lift it to X , and conclude that after changing Df^ 's 
within their G-orbits, we can assume that they intersect an arbitrary small 
ball around some point of X , contradicting that Z?j's are e-separated). Pick 
a representative in each orbit and denote the representatives by Di^ , ■ ■ ■ , Di^ . 
Denote by Hj the stabilizer oi Di in G. 

The Hj -action on the closure of Di is geometric. (The action is clearly properly 
discontinuous and isometric, and DijHj is precompact, because by construc- 
tion the inclusion Di ^f X descends to the inclusion Di/Hj -^ X/G, and 
X/G is compact). 

Fix a base point * in X , and consider the orbit map g* : G ^ X , which is a 
quasi- isometry for any word metric on G. Then there exists r > such that 
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qtf{Hj) is r -close to Z^j^. in the Hausdorff topology for each j = 1, . . . , fc. (For 
if *j is the nearest point projection of * onto Di- , then the Hj -orh'it of *j is 
within finite Hausdorff distance from Di^ as well as from q^{Hj)). Therefore, 
q^.{gHj) and g{Di.) are r-close in the Hausdorff topology. 

Thus the bi-Lipschitz homeomorphism of asymptotic cones Cone(G) -^ Cone(X) 
induced by q^, maps limits of sequences of left cosets of Hj 's homeomorphically 
onto the corresponding elements of T) , which are pieces of the tree-graded space 
structure on X . For geodesic metric spaces the property of being tree-graded 
is a preserved under or homeomorphism [DS05b. Remark 2.18], so Cone(G) is 
tree-graded with respect to limits of sequences of left cosets of Hj 's. By [DSOSbl 
Theorem 1.11] this implies that G is hyperbolic relative to the set of conjugates 
of Hi, . . . , i/fc , which equals to the set of stabilizers of Dj 's in G. D 

Finally, we are ready to give another proof of part (1) of Theorem ll.il Suppose 
M is a complete finite volume real hyperbolic n-manifold, and /S is a compact 
totally geodesic submanifold of codimension two. As in Remark 13.41 we give N 
the Heintze-Schroeder metric with sec < in which dN is totally geodesic and 
sec < on the interior of A^. Let G := iti{N) and X be the universal cover 
of A^, so that G acts geometrically on the CAT(0) space X . Let t be the 
normal injectivity radius of dN . Fix a positive e < j, consider the preimage 
of the e + ^-neighborhood of dN under the covering X ^ N , and denote 
its path-components by Di 's. Since dN is locally convex and X is CAT(0) , 
each Di is convex. The e-neighborhoods of Di 's are disjoint, and the sectional 
curvature is negative on any closed 2e-ball centered outside UjDj , so after 
rescaling we can assume that each 2e-ball centered outside UjDj is GAT{—1). 
Since dN is totally geodesic, it is vri -incompressible. Denote the subgroups of 
G corresponding to the fundamental groups of the path-components of dN by 
Hi, . . . , Hk ; the stabilizer of each Di is conjugate to some -fZj(i) • The universal 
cover of every component of dN is isometric to M""^ or to M x H"~^, hence 
their limits in Cone(A) are isometric to an asymptotic cone of a fixed Di , 
which is either M""^, or the product of M and a metric tree T. Applying 
Lemma lD.21 below, we see that all assumptions of Theorem ID . 1 1 hold . 

Lemma D.2. If T is a metric tree, then for any geodesic triangle m M x T 
with vertices x, y, z there is a sequence Zn ^ z such that the geodesic triangle 
with vertices x,y, Zn is open. 

Proof. Denote the projection of w to the T-factor hy w . If z lies on a line 
through x,y, then x, y, z lie on a (flat) plane in M x T, so we can just pick z„ 
outside the line through x,y in the plane. Otherwise z,x,y are the endpoints 
of a tripod T ; denote by m the point on T of valency 3 . The product M x T 
is the union of three flat strips joined at the line M x {m} ; let m be the point 
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where this line intersects the segment [x, y] . It suffices to choose z„ so that 
the intersection of M x {fh} with the segments [x, y] , [x, Zn] , [y, Zn] are distinct 
points, and this can be arranged by choosing Zn ^ z outside the straight hues 
that extend the segments [x,m], [y,m] into the strip containing z. D 
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